We investigate the decoherence patterns of topological qubits in contact with the environment by a novel way of deriving the open system dynamics other than the Feynman-Vernon. Each topological qubit is made of two Majorana modes of a 1D Kitaev's chain. These two Majorana modes interact with the environment in an incoherent way which yields peculiar decoherence patterns of the topological qubit. More specifically, we consider the open system dynamics of the topological qubits which are weakly coupled to the fermionic/bosonic Ohmic-like environments. We find atypical patterns of quantum decoherence. In contrast to the cases of non-topological qubits for which they always decohere completely in all Ohmic-like environments, the topological qubits decohere completely in the Ohmic and sub-Ohmic environments but not in the super-Ohmic ones. Moreover, we find that the fermion parities of the topological qubits though cannot prevent the qubit states from decoherence in the sub-Ohmic environments, can prevent from thermalization turning into Gibbs state. We also study the cases in which each Majorana mode can couple to different Ohmiclike environments and the time dependence of concurrence for two topological qubits.
I. INTRODUCTION
Topological quantum computation has been a promising scheme of realizing the quantum computer with robust qubits [1] . The key ingredient for this scheme is built on the anyonic quasi-particles of topologically ordered systems, which are robust against local perturbations due to its underlying topological nature of quantum orders [2] . From quantum entanglement point of view, these topologically ordered states are endowed with the long range entanglement so that the collective anyonic excitations are robust against time-like perturbation [3, 4] . That is, the anyons are long range entangled states so that the local perturbations (i.e., local elementary degrees of freedom in the context of condensed matter or local unitary operations in the context of quantum informations) cannot disentangle the anyonic states. Despite that, there are few physical evidences of finding such intrinsic topologically ordered states in real world.
Fortunately, there are new types of topologically ordered states such as topological insulators or superconductors [5] [6] [7] , which are easier to be realized physically. For these systems, some excitations are topologically protected as long as some symmetries such as time reversal are preserved. That is, the local perturbations preserving these symmetries cannot disentangle the topological excitations. Among the topological excitations, the most interesting ones are the Majorana modes localized on the topological defects, which obey the non-abelian anyonic statistics [8] [9] [10] . The simple mode to realize such Majo- * Electronic address: shho@mx.nthu.edu.tw † Electronic address: spchao@gmail.com ‡ Electronic address: chouch@mail.ncku.edu.tw § Electronic address: linfengli@phy.ntnu.edu.tw rana modes is the Kitaev's chain of 1D spineless p-wave superconductor [11] [12] [13] . Each on-site fermion d i can be decomposed into two Majorana modes γ 2i−1 and γ 2i , i.e., d i = (γ 2i−1 +iγ 2i )/2. By appropriately tuning the model, the Majorana modes at the end-points of Kitaev's chain can be dangling without pairing with the other nearby Majorana modes to form usual fermion. Then, these two far separated end-point Majorana modes can form a topological qubit. The meaning of "topological" here is two folds: one means it is made of Majorana modes γ 1 and γ 2N (N denotes the number of regular fermions on the chain) which are topological excitations, and the other means the topological qubit d topo = (γ 1 +γ 2N )/2 itself is non-local, i.e., the two Majorana modes are far separated so that they cannot combine into a usual fermion. From the quantum information point of view, the topological qubit is EPR-like as it encodes the quantum state in a non-local way. Both features explain its robustness against local perturbations.
The topological excitations are robust against local perturbations, then one would wonder if the topological qubits are also robust against decoherence when they are considered to be open system by coupling to the non-topological environment. The open system setting is also more realistic when performing the quantum computations. As the quantum informations are carried by physical excitations, the robustness against quantum decoherence implies the robustness against local perturbations but not the other way around. Even the excitations are robust against local perturbations, it is still possible for the quantum informations carried by the topological qubits to leak into the environment. However, as the topological qubit is non-local, the way it interacts with the environment is quite different from the way the usual fermions do, and one would expect the atypical quantum decoherence behaviors. This motivates this work to examine if the topological qubits are robust against quan-tum decoherence, and their atypical decoherence patterns.
In fact, it was shown in [18] [19] [20] that the topological qubits do decohere by examining either the relaxation time scale or the behavior of the two-time correlator of Majorana modes. However, to pin down the decoherence patterns, one should directly study the dynamics of the reduced density matrix of the topological qubits. This is what we do in this paper, and indeed the topological qubits do show atypical decoherence patterns. We take the one spatial dimensional bosonic or fermionic environment, which is universal for (1+1)-D conformal field theory such as Luttinger liquid and has Ohmic-like environmental spectral density, i.e., ρ spec (ω) ∝ ω Q with Q ≥ 0. The environment is called Ohmic for Q = 1, sub-Ohmic for Q < 1 and super-Ohmic for Q > 1. For fermionic coupling this is done by placing a metallic nanowire close to the Majorana endpoint as shown in Fig.1 . The Coulomb interaction within the wire can be tuned by choosing different insulating substrate or gating, and the low energy excitation of the wire is deemed as Luttinger liquids.
We also assume the coupling between Majorana modes and environment to be weak so that Gaussian approximation is good. We find that the topological qubits decohere completely in the Ohmic and sub-Ohmic environments but not in the super-Ohmic environments. i.e., they do not relax to the Gibbs state or pointer state. Thus, in the super-Ohmic environments one may be able to distill the purity or concurrence of the resultant state of topological qubits by appropriate quantum information manipulations. This feature is atypical as compared to the decoherence patterns of the non-topological qubits studied in [21, 22, 38] , for which the local qubits always decohere in all Ohmic-like environments if the probe-environment coupling is weak. Thus, we conclude that the topological nature does protect the topological qubits from decoherence to some extent.
We organize our paper as follows. In the next section we briefly introduce the setup of topological qubits made by Majorana modes interacting with the environment via coupling to either fermionic or bosonic operators. We then develop our interaction picture formalism for deriving the open system dynamics of the topological qubits. In section III we study the decoherence patterns of single and two topological qubits weakly coupled to the Ohmiclike environments. We obtain the explicit form the reduced density matrix for the single topological qubit to see the decoherence patterns. For two topological qubits, various results about the robustness against complete decoherence are fully exposed both analytically and numerically. Finally, we conclude our paper in section IV. Various technical details about the real time Green functions and explicit form of reduced density matrices are given in Appendices.
II. DYNAMICS OF OPEN SYSTEM FOR MAJORANA QUBITS
In this section we consider an open system of topological qubits made of Majorana modes and study the dynamics of its reduced density matrix. The peculiar features of Majorana modes such as obeying the Clifford algebra make the consideration of its decoherence far simpler than the usual simple harmonic oscillator probe. As we show below the reduced dynamics of this open system by integrating out the environment can be obtained in a closed form when formulating the formalism in the interaction picture. This is in contrast to the usual Feynman-Vernon formulation for the nontopological qubits [37, 38] , for which one needs to numerically solve involved Langevin-like equation.
A. Open system for Majorana modes
The system considered in this paper is described by the following Hamiltonian
whereĤ 0 is the free Hamiltonian consisting ofĤ P for the probe P andĤ E for the environment E, andV is the interaction between P and E. We also assume [
Here the probe consists of a bunch of Majorana modes localized at the ends of some quantum wires [11] , see also [14, 15] for experimental proposals. We denote these localized Majorana modes as γ a , with a = 1, 2, · · · , which have the following properties:
On the other hand, the dynamics of the environment is dictated byĤ E whose elementary constituents can be thought as electrons or holes. Due to the aforementioned peculiar properties of γ a 's, the generic interaction Hamiltonian takes the form
where B a 's and B ab 's are real coupling constants, and O a 's and O ab 's are composite operators of electrons' creation and annihilation operators ψ † α 's and ψ α 's with α = a, b labels the electrons' bath and spin idices. For the tunneling junction shown in Fig.1 , O a = ψ † a − ψ a . The · · · denotes the higher order terms involving more number of Majorana modes, which however are not considered in this paper. Moreover, note that
which follow from the Hermitian condition of the full Hamiltonian. As the Majorana modes could be spatially separated, the second term in Eq.(3) could be non-local, i.e., γ a γ b O ab := γ a (x)O ab (x, y)γ b (y). For simplicity, in this work we only consider the local interactions. In such a case, the locality for the two localized Majorana modes can be arranged as either in Fig.1 for neighboring wires or Fig.2 for a ring with a small gap.
The density matrixρ(t) for the whole system in the Schrödingier picture evolves aŝ
whereρ 0 ≡ρ(t = 0). We assume the direct product structure forρ 0 , i.e.,ρ
In general,V mixes probe's and environment's degrees of freedom so that [Ĥ 0 ,V ] = 0. This prevents further simplification when evaluating the reduced density matrix for probe P, i.e.,
where Tr E is to take trace over the Hilbert space of environment E. We rewrite Eq.(7) as
where the lower case letters such as i, j, m ± are the labels for the probe's state space, and the upper case ones such as K, L ± are the ones for the environment's state space. Though we use the notation for the discrete labels, the generalization to the continuum is straightforward. The first and third factors in Eq. (8) can be understood as the Schwinger-Keldysh Green functions [23, 24] on the forward (labeled by the subscript "+") and backward (labeled by the subscript "-") real-time Keldysh contour [24] , respectively. Due to the fact that [Ĥ 0 ,V ] = 0, it is usually difficult to further simplify these Green functions. The standard practice in deriving the dynamics of the reduced density matrix is to adopt Feynman-Vernon formalism [25] [26] [27] by integrating out the environment in the path-integral formulation and obtain a real time effective theory (the so-called "influence functional") for the probe.
B. Interaction picture formulation
The Feynman-Vernon formalism usually involves solving Langevin-like equation with complicated non-local kernel in order to explicitly obtainingρ r (t). This usually needs careful numerical computations. Here we show that for probe composed by Majorana modes, even with [Ĥ 0 ,V ] = 0, the calculations of obtainingρ r (t) in the formulation of interaction picture are greatly simplified, with no need of introducing path integral and solving Langevin-like equation. We elaborate this formulation as follows.
The full density matrix in the interaction picture iŝ
where the evolution operator U (t) ≡ e iĤ0t e −iĤt . The evolution operator satisfies the Schrödinger equation
whereV
For the interaction Eq.(3) considered here, we havê
where
We then solve Eq.(9b) to arrive
Here T is the time-ordering operator on the forward Keldysh contour. We also denote the time-ordering on the backward Keldysh contour asT such that
It is easy to check thatρ I (t) satisfies the following equation of motion, i.e., Schrödingier equation for the density matrix,
Based on the interaction picture, it is easy to see that the reduced density matrix for probe P can be further simplified as followŝ
In the first line we have used the fact [Ĥ P ,Ĥ E ] = 0, and in the second line we simply use the cyclic property of trace operation and e −iĤ E t e iĤ E t = 1. In the final expression, theĤ E dependence is implicitly hidden in O E (t).
C. Reduced density matrix for Majorana probe
As these Majorana modes used for the qubits are zero energy modes, we haveĤ
and thus O P (t) = O P , i.e., γ a (t) = γ a , etc. To obtain the simple analytic reduced dynamics, we consider the interaction Hamiltonian in which the individual terms in Eq. (3) 
Here we combine the set of the operator indices a and ab into a unified symbol M so that Γ M = γ a or γ a γ b , and so on. Moreover, for simplicity we have denoted 
(13) Note that in the above we have used the fact that O a 's are fermionic operators and O ab 's are the bosonic ones. Thus the time ordered evolution matrix is
Similarly, the anti time-ordered one is
We further simplify Eq.(10) by using the fact that Tr E (ρ E O E ) = 0 if O E is a fermionic operator of the environmental theory, i.e.,
Thus, the reduced density matrix should take the form
The phase factor e iφ m,m = ±1, ±i is determined by the relative ordering of the fermionic operators, and {m},{m } runs over all possible sets of even fermion parity terms in the binomial expansion of Uρ 0 U † . Here, we have used the short-handed notation for the the real-time Green function, i.e.,
Due to the locality of the Majorana modes, we assume the environments for different channels are independent, i.e.,
In such a case, Eq. (17) is further simplified aŝ 
, otherwise it is Γ M . Again, due to Eq.(16) those non-vanishing terms are of even fermion parity.
Before we consider the specific cases to obtain explicit dynamics ofρ r (t), two important remarks about the form of Eq. (20) are in order.:
• As both the probe and the environment factors in Eq. (20) are of even fermion parity, and thus bosonic and commuting with each other, the total Hilbert space can be casted into the form of direct products of the one for probe and the other one for environment, i.e., Eq.(6). Thus, we can evaluate the first factor of the Majorana modes in terms of the finite dimensional representation of the Clifford algebra {γ a , γ b } = 2δ ab .
• Even O a is a fermionic operator, we should treat it as the bosonic operator when evaluating its corresponding real-time Green function in Eq.(20) [18] . This can be understood from the fact that γ a always accompanies O a as indicated in Eq. (13), so the minus sign arising from switching of O a 's as required by the time-ordering is canceled by the analogous minus sign for γ a . The latter minus sign is implicit as we setĤ P = 0. To make this explicit, we assumeĤ P = 0, then
where T C is the time-ordering for the Keldysh contour. ForĤ P = 0 we then have γ a (t) = γ a . Thus γ a (t)γ a (t ) = 1 = γ a (t )γ a (t) and
We call the above Green functions the "Majoranadressed Green functions", and they are bosonic even the operators O a are fermionic. Moreover, the Majorana-dressed Green functions for the operators O ab 's are the same as the undressed ones.
Later we denote the Majorana-dressed Green function as G(t, t ) or G(ω).
D. Environmental influence functional
The second factor of Eq. (20) is the environmental influence functional to the dynamics of the probe qubits. They are nothing but the product of real-time (bosonic) Green functions of the even-parity sectors. Note that the influence functional completely determines the dynamics of the probe as we setĤ P = 0. From Eq. (19) we have the following bosonic real-time correlation functions appearing in Eq. (20):
where H m can be either cosh O M (t) or sinh O M (t) with M = a or ab, and also
In practical it is difficult to evaluate the real-time correlation functions in Eq. (21) in an exact way. However, in this paper we assume all the coupling constants, i.e., B a 's and B ab 's are weak so that we first expand these correlation functions up to second order in the coupling constants and then perform the appropriate reexponentiation [29, 32] to approximate the original correlation functions in Eq. (21), especially their long time behaviors. In this way, the results are expressed in term of Schwinger-Keldysh Green functions, see Appendix A for the detailed definitions.
The aforementioned re-exponentiation procedure is equivalent to resuming the one-particle irreducible diagrams, and should be performed with great care [48] , see Appendix B for more detailed discussions. to capture the precise long-time behavior, at least qualitatively. In the end, we obtain the following results:
Here G M,sym is the Majorana-dressed symmetric Green function as defined in Eq.(A3). Note that the retarded Green function does not show up in Eq. (23) and Eq. (24) . On the other hand, the correlation functions in Eq.(22) are related to one-point function after the expanding up to the second order and re-exponentiating (resuming the tadpole diagrams), e.g.,
and thus vanishes if there is no condensate of O ab . For nonzero, time independent, condensate such as the simple mean field result of superconducting order parameter, Eq. (25) does not vanish and the obtained reduced density matrix shows oscillating off-diagonal components. Since the bosonic condensate alone will not cause decoherence of the topological qubits, we assume no condensate in this paper to explore the physics beyond its effect.
E. Implication for the dissipation-less Majorana modes
From the above results, we see that the time dependence of the reduced density matrix is controlled by the double integral of the symmetric Green functions and the scalar condensates. This is quite different from the usual influence functional for the non-Majorana probe, which is in general involved with both the retarded and symmetric Green functions [26, 27, 29, 33, 34] , i.e., the influence functional taking the form
(26) where Σ(τ ) and ∆(τ ) are the center of mass and relative coordinates in the so-called "ra" basis [26, 31, 36] .
Especially, the KMS relation between retarded and symmetric Green functions and their appearance in the influence functional of Feynman-Vernon yield the fluctuation-dissipation theorem for the Brownian motion of the probe. More specifically, the Langevin equation derived from the influence functional for the usual Brownian particle takes the form
with
Here, the dissipation term is controlled by the retarded Green function and the fluctuation one is controlled by the symmetric Green function. Thus the KMS relation Eq.(A4) yields the fluctuation-dissipation theorem. Furthermore, the kernel for evolving probe's reduced density matrix is related to the solutions of the Langevin equation Eq. (27), in which the dissipation kernel term t dτ G R (t − τ )Σ(τ ) plays an essential role in the reduced dynamics for quantum decoherence, for example see [26, 29, 30, 34] . Our method is different from the Feynman-Vernon's so that our "influence functional" may not be exactly the same as the Feynman-Vernon's. However, due to the physical similarity between these twos, it is tempting to say that the absence of the retarded Green function in the influence functional for the Majorana mode implies that its dynamics is dissipation-less.
The dissipation-less feature of Majorana modes are expected as its transport is related to anomaly transport [44] , which is shown to be dissipation-less hydrodynamically, i.e., there is no generation of entropy [45] . Intuitively, if the environment is not topologically ordered so that it cannot produce a dangling Majorana mode to combine with the end-point one into an electron, then the end-point Majorana mode is robust. However, there is still a possibility that the environment's electron deconfines into a pair of Majorana modes, one of them combine with the end-point Majorana mode to turn into an end-point electron, and the other one leaks into the environment. This is in fact captured by the interaction HamiltonianV of Eq.(3), which implies that the end-point Majorana mode can turn into an electron mode.
For the whole system the interaction Hamiltonian still preserves the Majorana mode number, we can just think that the end-point Majorana mode just moves into the bulk. However, from the point of view of the open system the end-point Majorana mode just dissipates away or thermalizes. Despite that, our resultant "influence functional" with the absence of retarded Green function suggests that the dissipation-less feature of the Majorana modes may still preserve to some extent even under the effect of interaction Hamiltonian. To pin down more specifically the dissipation-less feature for the Majorana modes and understand the dissipation-fluctuation theorem in sense of Langevin, one may need to derive Feynman-Vernon's influence functional. We will not consider this issue further in this work. Instead, it is interesting to ask if such a possible dissipation-less feature also implies robustness against decoherence or not.
Recall the fact that the Fourier transform of the symmetric Green function encodes the spectral density of the corresponding channel for fluctuation and dissipation. However, the dissipation ability of the effective carriers for decoherence is given by
as suggested in Eq. (23) and Eq. (24) . Thus, there is a possibility that the effective carriers are not so efficient to carry away the quantum information of the topological qubits as the spectral density implies. We see this is indeed the case in the next section.
III. DECOHERENCE PATTENS OF TOPOLOGICAL QUBITS
Now we are ready to apply the above formal results for studying the patterns of decoherence of the topological qubits in some environments. As the influence functional due to the environment (taking the form of t dτ t dτ G M,sym (τ − τ ) in our case) affects the decoherence pattern, one should specify the dynamics of the environment to obtain the concrete results. For the fermionic environment we consider the setup of quantum wire [14, 15] tunnel coupled to the superconducting wires as shown in Fig. 1 . We take the helical Luttinger wire [42] , which could be realized as the edge state of some two dimensional topological insulator [40] , as a special example, but the generalization to other types of Luttinger liquids [41] is straightforward. For the bosonic environment we take the ring structure [16] , as shown in Fig. 2 , with external magnetic flux Φ controlling different frequency modes of bosonic couplings. In general the Majorana modes could also be realized in cold atom setup [17] and the local bosonic couplings can also be achieved in cold atom system with tunable interacting bosonic environments. We assume the bosonic environments are also described by conformal invariant theory and take the special case of AdS 5 space Holographic theory.
A. the environmental influence function of helical Luttinger liquids and its CFT generalizations
The typical environments composed of 1D electrons are either Fermi or Luttinger liquids. For the helical Luttinger liquids wires case the Majorana-dressed symmetric Green function with election chemical potential µ takes the following form (for more details, see Appendix C 1.)
where κ ≡ K + 1 K /4 with K denoting the Luttinger parameter is related to conformal dimension of the operator O a and is used to characterize the Luttinger liquid, e.g., κ = 1/2 for Fermi liquid. The rough estimate on the Luttinger parameter K is given by
where F is the Fermi energy and U ∼ e 2 a0 ( being the dielectric constant and a 0 being the lattice length) is the characteristic Coulomb energy of the wire [41] . Thus the value of κ can be tuned by changing the effective repulsive/attractive short range interactions in the wire. c 1 (κ) is some function of κ and its exact form is given in Appendix C 1. In Eq. (29) we have introduced a windowed function e −ω 2 /Γ 2 0 to cutoff the high frequency modes but the main results we mention below does not depend on this choice of cutoff.
Similarly, for the bosonic operators O ab 's of conformal dimension ∆, the associated Majorana-dressed symmetric Green function is (for more details, see Appendix C 2)
where c 2 (∆) is some analytic function of ∆ and its explicit form is given in Appendix C 2.
With Eq. (29) and Eq. (30) we carry out the double time-integral, and the results are
For µ = 0 case, the integral in Eq. (33) is worked out , 0.9(green), 1(red), 2 (black) and 4 (brown). This factor controls the time dependence of the influence functional. We can see that there is a critical value at Q = 1 beyond which this factor will have a pattern of drop-dip-flat and will not decay to zero.
as (for Q ≥ 0):
for Q = 1.
is the generalized hypergeometric function, and Γ(z) is the Gamma function. First, we see that the behavior of Eq.(34) at t ≈ 0 is universal, i.e., I Q ∝ t 2 independent of Q. Using this, it is straightforward to show the following universal Tsunami behavior of entanglement growth as discussed in [34, 35] :
Note that S 2 is the 2nd order Renyi entropy, which characterizes the quantum entanglement between the probe and environment. The above t 2 growth is more rapid than the expected t growth by causality argument, and thus called Tsunami behavior. However, this Tsunami behavior will soon be taken over by t growth once the spreading scale is above the size of the probe.
On the other hand, the late time behavior of Eq.(34) has an interesting turning point at Q = 1, i.e., κ = 1 or ∆ = 2.5. For Q ≤ 1 (Ohmic and sub-Ohmic environments) the magnitude of the hypergeometric function in Eq.(34) increases monotonically with increasing time t. However, for Q > 1 (super-Ohmic environments) it decreases to zero at large time so that I Q (t; 0, Γ 0 ) → for this change of behavior as varying Q. This qualitative change of the time dependence has two implications:
• There should be a metal-to-insulator like quantum phase transition, similar to the case of elec-tric transport [42] , by tuning Q for the probe state due to back reaction of integrating out the environment. For Q ≤ 1, the number of the effective carriers quantified by Eq. (34) is sufficient so that the probe state is de-localized and dissipative. On the contrary, for Q > 1, the effective carriers is insufficient so that the state is localized and nondissipative.
• As the probe carries both energy and quantum information, the de-localization of the probe state also implies the leakage of the quantum information into the environment. This finally leads to complete decoherence. Otherwise, the quantum information is confined around the localized probe state and only partially leaks into the environment. In In such a case, one may further purify the probe state to recover and maintain the quantum information carried by the probe. Though our interpretation of the incomplete decoherence for our setup is quite different from the usual discussion of nonMarkovian dynamics which is mainly due to due to the gap-like structures of the environmental spectral densities [39] , we do see the similar information backflow for Q > 1 cases (as seen from the drop-dip-flat patterns of the purity shown below) characterizing the non-Markovian dynamics.
The above picture of quantum phase transition might be understood by the Renormalization Group (RG) argument of the coupling constant B M . Note that the fermionic environment we choose in this paper is the helical Luttinger liquids, which can be realized as the interacting edge state of two dimensional Topological insulator [40, 42] . For this kind of fermionic environment, the scaling dimension from zeroth order renormalization group analysis [42, 43] in interactionV is κ. This renders the renormalized coupling B a in linear response regime as
with Γ 0 v/a 0 as the UV cutoff for the liner spectrum of the edge state. For the electric transport discussed in [42] 
B. Pointer States, Purity and Concurrence
Though the time dependence of Eq.(34) provide a very suggestive picture for the change of the decoherence pattern by tuning Q, one should still study the detailed form of the final reduced density matrix, from which we derive some quantities to characterize the decoherence patterns.
There are many ways to characterize the quantum decoherence. If the probe state is in the pointer-state basis [46] , then we can characterize the decoherence by observing the time evolution of the off-diagonal elements of the reduced density matrix. If all the off-diagonal elements vanish in the long run, then the final reduced density matrix is in the pointer state. In this case, the probe state decoheres completely. Among the pointer states, a special one is the Gibbs state with all the diagonal elements equal. In such a case, we can furthermore claim that the probe state has been thermalized (at zero temperature).
However, if the final state does not reduce to a pointer state, then we shall find some quantity to characterize the quantumness of the probe state. In this work we choose the purity
where the superscripts b, f refer to either bosonic or fermionic environments. The purity is related to the 2nd order Renyi entropy by S 2 := − ln P b,f . Note that, without knowing if all the off-diagonal elements of the reduced density matrix diminish or not, one cannot tell by the purity alone if the qubits decohere completely unless for the Gibbs state. The purity of the N-qubit state reaches its minimal value 1 N for the Gibbs state. Thus, a thermalized state is definitely a classical state.
For multi-qubit cases, one can also characterize the decoherence by the time evolution of the quantum entanglement among the qubits. For the two-qubit case this is faithfully characterized by the concurrence [47] :
where λ 1 , · · · , λ 4 are the square roots of the eigenvalues, in the decreasing order, of ρρ withρ := (σ y ⊗ σ y )ρ * (σ y ⊗ σ y ) for σ y to be the Pauli matrix. If the final probe state is a pointer state, i.e., completely decohered, then C = 0 at large time as the quantum entanglement is an essential property only for quantum state. But the inverse is not true as the quantum state may not be entangled.
C. Cases of single topological qubit
In the first case, we consider only two Majorana modes γ 1 and γ 2 living on two ends of a quantum wire, which couple locally to the surrounding electrons via the channels O E appearing in the interaction Eq.(3). Before turning on the interaction Eq.(3), these two Majorana modes form a topological (non-local) qubit with state |0 and |1 connected by
We can choose the following representation for γ 1,2 , viz.,
where σ a 's are the Pauli matrices so that they satisfy γ † a = γ a and {γ a , γ b } = 2δ ab . Note that iγ 1 γ 2 defines a parity operator for the states of the topological qubit, i.e.,
Obviously, the interactions γ 1 O 1 and γ 2 O 2 flip the parity of the topological qubit but γ 1 γ 2 O 12 does not. In this representation, the generic initial state of the probe can be casted into a hermitian matrix with positive eigenvalues ρ P (t = 0) = a 00 a 01 a 01 a 11 (42) with a 00 + a 11 = 1.
Here we consider either (i) fermionic environmental channel with the evolution operator U (t) = Te −iγ1O1(t) e −iγ2O2(t) or (ii) bosonic environmental channel with U = e −iγ1γ2O12(t) . Using Eq. (20) the explicit form of the reduced density matrix at time t is
for fermionic channel, and
for bosonic channel. In the above, the normalization factor N f,b (t) = Tr ρ f,b r (t), and
for either M = a or ab. Their relations with the Majorana-dressed symmetric Green functions are given in Eq. (23) and Eq. (24) . Note that there is a key difference between Eq.(43) and Eq. (44) . In Eq.(43) the states with different parities, i.e., |0 0| and |1 1|, or |0 1| and |1 0|, mix as time evolves, but this does not happen in Eq. (44) . This is because the reason as stated below Eq.(40), i.e., the fermionic environments flip the parity of the topological qubit but the bosonic ones do not.
We further simplify the above reduced density matrices by assuming all the Majorana modes couple to the same environments with the same coupling strengths. Under this condition we can omit the sub-index M of G M,sym and B M as they all are the same. The reduced density matrix is then simplified to
and ρ b r (t) = a 00 a 01 α(t) a 10 α(t) a 11 (48) where the influence functional
2 |α1,2|I Q (t;µ=0,Γ0) .
(49) where α 1,2 's are the time-independent overall coefficients in front of the Majorana-dressed symmetric Green functions given in Eq.(C4) and Eq.(C6b), respectively. Note that these coefficients are negative.
The typical behavior of α(t) for different Q can be inferred from in Fig. 3 . The factor 2B 2 |α 1,2 | in Eq.(49) will only affect the behaviors in Fig. 3 quantitatively but not qualitatively. Thus, there is a critical point at Q = 1 for α(t). For Q ≤ 1 (Ohmic and sub-Ohmic), α(t) vanishes at large t so that the state of the topological qubit reduces to a pointer state both in the fermionic and bosonic environments. This implies that the topological qubit decohere completely. However, there is a key difference for fermionic and bosonic cases: the pointer state in the (parity-flipping) fermionic environments is the Gibbs state, but not the case in the (parity-conserving) bosonic ones. The reduction to the Gibbs state means thermalization (in the sense of micro-canonical ensemble). The thermalization is due to the mixing of the parity odd and even states causing by the parity-violating interactions. In contrast, there is no mixing in the bosonic case so that the diagonal elements of Eq.(48) remain constant without going into 1/2 as the off-diagonal elements diminish. We can then conclude that in the sub-Ohmic environments, though the parity conservation cannot prevent a topological qubit from complete decoherence, it can prevent it from complete thermalization [49] .
For both types of environments at Q > 1 (superOhmic), α(t) reduces to a nonzero constant at late time so that the off-diagonal elements of the reduced density matrices do not vanish. This implies that the probe state cannot completely decohere, and the incomplete decoherence can be quantified by the purity Eq.(37).
In the fermionic cases, the parameter κ characterizes the interaction strengths of the Luttinger/Fermi liquid. The larger κ is, the stronger interaction/correlation is shown in the Luttinger liquid nanowire. Our above results suggest that the strongly correlated environments help to preserve the quantum information of the probe even the probe-environment coupling is weak. This could be understood as follows: the weakly coupled probeenvironment contact spot becomes a peculiar point in contrast to their strongly coupled neighbors so that the quantum information stay around this particular place.
In section III D we consider the cases of non-uniform environments. We still keep the coupling strengths B M = B uniform to focus on the effect of varying the environmental spectral functions G M,sym with M . Tuning B M = B is achievable in the experiments by controlling different tunneling junctions' gate voltages.
D. Non-uniform environments
As the topological qubit is non-local, it is interesting to consider a peculiar case which cannot happen for the usual local qubit, that is, the non-uniform environment. In this case, the two Majorana modes can couple to the environment of different κ's, i.e., κ 1 and κ 2 . Given the initial state Eq.(42), the reduced density matrix ρ f r (t) with two different κ's takes the form
from which one can obtain the purity as follows:
with G 1,sym and G 2,sym corresponding to the Majoranadressed symmetric Green functions of κ 1 and κ 2 , respectively. In arriving Eq.(51) we have used the fact that ρ P (t = 0) is hermitian so that a 10 = a * 01 . As α 2 1,2 (t) are always smaller than one so that the expression Eq.(51) implies P f (t) ≥ 1/2. Note that P f = 1/2 corresponds to the Gibbs state.
From Eq.(50), we see that if both α 1,2 have the same late time behaviors, then the decoherence patterns are qualitatively similar to the cases with uniform environments. Otherwise we find new decoherence patterns. More specifically, for uniform environments the final state purity depends both on a 01 and a 01 . On the other hand, for the non-uniform environment with different late time behaviors, Eq.(50) shows the bias, that is, the the first channel prefers the initial state with non-zero a 01 to be robust against complete decoherence, and the second channel prefers the one with non-vanishing a 01 . It suggests that the informations of real and imaginary part of off-diagonal reduced density matrix element a 01 are carried by different end points of Majorana modes. Thus, the dereference pattern not only depend on the environments but also on the initial states. Note that this kind of non-uniformity of the environments is a peculiar feature of the topological qubit composed by Majorana modes.
We would like to illustrate the implication of the above results more here. In the context of closed system, all the single qubit pure states are connected by unitary transformation and thus are equivalent. For local qubits these unitary transformation can be performed locally, and for the topological qubits non-local unitary operations are needed. However, once the qubits are put in contact with the environments, the unitarity get lost as time evolves and the naive equivalence of all the pure states no longer holds. The loss of unitarity implies that the democracy of pure states representing quantum information is broken, and some states are more robust against decoherence than the others. From our above discussions, we see that the non-uniformity of the environments further enhance the inequality among the pure states. The state space of a single qubit is represented by Bloch sphere, and the breaking of state democracy implies the spontaneously breaking of the isometry of Bloch sphere. The non-uniformity of the environments breaks the isometry more badly.
As shown, the decoherence pattern of a single topological qubit can be read out directly from the time dependence of the reduced density matrix. This is not the case for the generic initial states of two topological qubits (formed by four Majorana fermions) due to the complexity of the analytic formula. We numerically plot the purity and concurrence to characterize the decoherence patterns for those cases in section III E.
E. Cases of two topological qubits
Now we consider the the cases of two topological qubits made of four Majorana modes. The Hilbert space of two qubits are spanned by {|00 , |01 , |10 , |11 }, which are connected by
Generalizing the single topological qubit case, here we can define two commuting parity operators for the states of two topological qubits, i.e.,
with j, k = 0, 1. Note that other two-gamma operators such as iγ 1 γ 3 are not the parity operators. From these facts that, we know the interactions γ 1 γ 2 O 12 and γ 3 γ 4 O 34 preserve the parity of the topological qubit but the other interactions do not. Furthermore, if we consider also interaction involving four Majorana modes, i.e., γ 1 γ 2 γ 3 γ 4 O 1234 , we may also introduce another parity operator Γ (4) := −γ 1 γ 2 γ 3 γ 4 which also commutes with the previous two parity operators, i.e.,
Thus, |00 and |11 are Γ (4) -parity even states and |01 and |10 are odd states. This echoes the choice of using |00 and |11 as a single topological qubit [18] [19] [20] if we deemed the effective p-wave superconductor in the Kitaev chain as a kind of external bosonic environment for the Majorana end points.
As the Majorana fermions obey the Clifford algebra: {γ i , γ j } = 2δ ij , we can then choose the following representation
The generic initial density matrix for the probe is given by a 4×4 hermitian matrix with positive eigenvalues. For general initial state, the explicit form of ρ r (t) following from Eq. (20) is very tedious. Since we are considering the quantum decoherence, we take the initial state as a pure state with the following form |(e 1 , e 2 , e 3 , e 4 ) = e 1 |00 + e 2 |01 + e 3 |10 + e 4 |11 (58) with |e 1 | 2 + |e 2 | 2 + |e 3 | 2 + |e 4 | 2 = 1. In the following we assume the fermionic channel takes the form γ i O i and the bosonic channel takes the form γ 1 γ 2 O 12 and γ 3 γ 4 O 34 which are parity-preserving. All the numerical plots shown below are for these interactions.
On the other hand, the effect of the bosonic parityviolating couplings such as γ 1 γ 3 O 13 and γ 2 γ 4 O 24 is briefly discussed here. We wonder if these interactions will mix the different parity sectors and lead to thermalization in the (uniform) sub-Ohmic environments as for the fermionic cases. The answer is no as seen from the final state density matrix for the given initial state Eq.(58), i.e.,
Eq.(59) shows that parity-violating bosonic couplings mix even parity states with other even parity states but not odd ones (similarly for odd parity states can only mix with other odd parity states) [49] . Now we will start our numerical case studies. For illustration, we first consider a special case with the initial state of the topological qubits being |(e 1 , 0, 0, e 4 ) , which corresponds to the initial state density matrix with 
Similar to the single qubit case discussed in section III C, for Q > 1 the topological qubits cannot decohere completely for both fermionic and bosonic environments. For Q ≤ 1 ρ f r (t) reduces to the Gibbs state and ρ b r (t) reduces to a special pointer state at large time, indicating the topological qubits decohere completely but only thermalize in the fermionic environments. Thus with bosonic (parity-preserving and parityviolating) couplings the topological qubits decohere but in general does not reach thermalized states in the subOhmic environments as shown later in Fig.6 and Fig.10 , in which the purity never reaches 1/4 even for sub-Ohmic lines. Now, we consider the decoherence patterns for various initial state |(e 1 , e 2 , e 3 , e 4 ) 's. As the explicit form of the reduced density matrix is quite tedious and not very illuminating, we directly present the numerical plots. We first consider the uniform environment and plot the decoherence patterns for various initial state |(e 1 , e 2 , e 3 , e 4 ) . In each plot we compare the decoherence patterns (either purity or concurrence) for Q ≤ 1 and Q > 1 cases with the same given initial states. The results are shown in Fig. 4-7 . We then consider some cases for the nonuniform environment, and the results are plotted in Fig.  8-11 .
Moreover, in all the following plots we set B = 0.1, the cutoff Γ 0 = 10, the parameters a 0 /v in Eq.(??) and in Eq.(C6) to 1/Γ 0 and the parameter N sc in Eq.(C6) to one. The unit of time axis is 10/Γ 0 . With the above choice of parameters, the fermionic and bosonic environments are in the equal footing so that we can make comparison of the vulnerability of the topological qubits in both environments for a given initial state. Fig. 4 is the time evolution of the purity for the uniform fermionic environment with different initial states. Recall that Q = 2κ − 1, and indeed the plots for Q > 1 and Q ≤ 1 behave qualitatively different. For Q ≤ 1 all the initial states decohere into Gibbs state and thermalize as in the case for single topological qubit; for Q > 1 the initial states first decohere but then regain some coherence, and finally settle down into some states with purity almost equal to one. This suggests that the super-Ohmic environment with Q > 1 (or κ > 1, i.e., strongly interacting Luttinger liquids) maintain the purity of the initial states, realizing the robust qubits against quantum decoherence.
Similarly, as shown in Fig. 5 we find that the patterns of concurrence are different for Q > 1 and Q ≤ 1. For Q ≤ 1 the concurrence vanishes around the decoherence time scale given in Fig. 4 ; for Q > 1, the concurrence drops a little bit at beginning and then regains into a final value close to the initial one. The non-zero concurrence for the topological qubits in the super-Ohmic environments ensure the state remains quantum even without checking if all the off-diagonal elements of the reduced density matrix diminish or not. Thus, the purity in Fig.  4 for Q > 1 cases does characterize the quantumness, i.e., how close to the initial pure state.
Note that the concurrence pattern shows a converging behavior, i.e., the concurrences of different initial states diminish almost at the same time. This seems to be the case for most of the concurrence plots in this work. However, this in general is not true as shown by the exceptional black solid line in Fig. 5 . Despite that, as compared to the concurrence patterns of the usual nontopological qubits studied in [38] , the patterns here do have the more converging behaviors.
The time evolution patterns of the purity and concurrence for the uniform bosonic environments are shown in Fig. 6 and 7, respectively. Recall Q = 2∆ − 4, in Fig. 6 and 7 we have plotted the results for both Q > 1 and Q ≤ 1. Compared to the results in Fig. 4 and 5 for the fermionic environments, we find two different features. The first is as illustrated in Eq. (48) and Eq.(62), the purity reduces to the one for the pointer state but not Gibbs state for Q ≤ 1 cases. The second is that the purity and concurrence for Q > 1 cases though settle down to a final value of non-classical state, which is however quite smaller than the initial one for pure state. This is in contrast to the fermionic case for which the final value is almost the same as the initial one. This is also accompanied by the fact that the decoherence time for the bosonic environments is shorter than the fermionic ones.
As our choices of parameters are done for putting fermionic and bosonic environments in the equal footing, from the above results we might tempt to say that the fermionic environments are more robust in protecting the quantum informations of the probe topological qubits than the bosonic ones. This is, in fact, not correct in general. The reason we see the decoherence time for bosonic environment for all the figures we have shown is shorter than fermionic one has to do with the prefactors c 1 (κ) and c 2 (∆) of the symmetric Green's functions. The analytic expressions for c 1 (κ) and c 2 (∆) are respectively shown in Eq.(C4) and Eq.(C6b). For the same scaling dimension Q (Q = 2κ − 1 for fermionic and Q = 2∆ − 4 for bosonic environment) smaller decoherence time indicates larger prefactor. In our case c 2 ((Q+4)/2) > c 1 ((Q+1)/2) for Q ≥ 0.057 and thus all the results we see seems to suggest the fermionic environment is better in preserving the quantum informations (the smallest Q we show for bosonic case is 0.6). For non-interacting limit, or Q = 0, the bosonic environment is actually better in protecting the quantum informations as c 2 (2) < c 1 (1/2). Thus there is no general rule as to which type of environment is better.
Here we switch gear to study the effect of the nonuniform environments. As emphasized, this is a peculiar feature for the topological qubits as their component Majorana modes can coupled differently to the environment. The non-uniformity of the environment for the two qubit cases is characterized by the vector of conformal dimensions, i.e., (κ 1 , κ 2 , κ 3 , κ 4 ) (fermionic) and (∆ 12 , ∆ 34 ) (bosonic) where the sub-indices label the corresponding Majorana modes. Note that for the bosonic cases, two Majorana modes labeled by a and b couple at the same time to an environmental operator of conformal dimension ∆ ab . Fig. 8 shows the time evolution patterns of purity for non-uniform environments. A peculiarity in this figure is the behavior of the blue dashed line which does not evolve into Gibbs state as the red dashed line. The blue and red dashed lines are the patterns for the different initial states but in the same non-uniform environment. Moreover, one can check that the final state for the blue dashed line is not a pointer state, i.e., the reduced density matrix is not a diagonal matrix. This reflects the fact that the non-uniformity of the environment enhance the breaking of the unitarity of the state space. Thus, some particular subset of states are preferred to be robust against decoherence than the others.
On the other hand, the time evolution pattern of the concurrence shown in Fig. 9 does not have this peculiarity, i.e., the blue dashed line has late-time vanishing concurrence as the red dotted line does. This is because the concurrence characterizes the quantum entanglement between two topological qubits, e.g., the state e 1 |00 + e 4 |11 is entangled but e 1 |00 + e 2 |01 = |0 (e 1 |0 + e 2 |1 is not, but both are pure state. Moreover, in our setup specified by Eq.(54) the first topological qubit is made by γ 1 and γ 2 and the second one by γ 3 and γ 4 . Thus, the non-uniform environment (κ 1 , κ 2 , κ 3 , κ 4 ) = (0.5, 0.5, 1.2, 1.2) can retain the quantum information of the second qubit but not the first one. So, this environment may retain the quantumness of the initial state |(e 1 , e 2 , e 3 , e 4 ) = |(2, 1, 0, 2) (the blue dotted line in Fig. 8 , or see Appendix. F for more discussions) but not its concurrence as the first topological qubit decoheres into the classical state and can no longer entangle with the second one. Moreover, for both |(e 1 , e 2 , e 3 , e 4 ) = |(2, 1, 0, 2) and |(1, 0, 0, 1) the "useful" information counted by concurrence has equal relative weight (i.e. e 1 = e 4 ) and coupled to the same environments. Thus for this case the concurrence diminishes exactly at the same time for these two different initial states as shown in dashed and solid lines in Fig.  9 . For a general sets of initial states and environment parameters the concurrence needs not diminish at the same time, e.g. the black solid line in Fig. 5 or the blue and red dot-dashed lines in Fig. 9 . Especially, the latter has the environment with (κ 1 , κ 2 , κ 3 , κ 4 ) = (0.5, 1.2, 1.2, 0.5) which acts on the component Majorana modes of each topological qubit non-uniformly. According to the discussion around Eq.(50),in this kind of environments the decoherence pattern of the topological qubit is very sensitive to the initial states and should also affect the pattern of concurrence between two topological qubits. This may explain why the red and blue dot-dashed lines (the concurrences for initial states |(e 1 , e 2 , e 3 , e 4 ) = |(1, 0, 0, 1) (red), |(2, 1, 0, 2) (blue) in the environment with (κ 1 , κ 2 , κ 3 , κ 4 ) = (0.5, 1.2, 1.2, 0.5), respectively. ) do not diminish (almost) at the same time as the other cases in Fig. 9 .
Similarly, we consider the effect of bosonic non-uniform environments, and the results are shown in Fig. 10 and 11. Again, as in Fig. 8 we see the similar enhancement effect of the unitarity breaking in Fig. 10, i. e., the final state purity of the blue dashed line does not merge with the blue solid one which reduces to the pointer state. One can check the final state of the blue dashed line is not a pointer state. This is in contrast to the merging of the red dashed and solid lines which correspond to another initial state. As for the concurrence, the story is similar to the fermionic case: the environment (∆ 12 , ∆ 34 ) = (2.3, 4.1) causes complete decoherence of the first topological qubit so that it cannot maintain the quantum entanglement with the second one for the initial state of the blue dashed line. 
IV. CONCLUSION
In this paper, we investigate the decoherence patterns of topological qubits made of Majorana modes weakly coupled to the Ohmic-like environments. Our results give the answers to the following two questions motivated our work. The first question is whether the topological qubits are robust against decoherence or not. If yes, then the second question is in what sense the robustness means. For the Ohmic-like environments which are mostly considered in the context of quantum decoherence, we find that the topological qubits cannot completely decohere if the environment is super-Ohmic, so is the concurrence (i.e., quantum entanglement).
Note that the super-Ohmic environments have less spectral density at low energy than the sub-Ohmic ones. Thus naively we expect the qubits should be more robust against decoherence in the super-Ohmic environment as the low energy degrees of freedom are the main carriers in taking away the quantum information of the probe qubits. Just based on this, however, it is hard to see in what sense the robustness means as there is no real mass gap being developed even for very super-Ohmic spectrum. In fact, the absence of the mass gap leads to the complete decoherence of the non-topological qubits in all Ohmic-like environments unless the probe-environment coupling is strong enough [21, 22, 38] .
Our results clarify the above issues. Even there is no gap developed in the super-Ohmic environment, the influence functional Eq.(49) does develop an effective mass gap to cutoff the effective carriers so that not all of the quantum information of the topological qubits leaks away. This influence functional is the trademark of topological qubits in contrast to the one for the nontopological qubits. The latter involves also the retarded Green function responsible for the dissipation in the Langevin dynamics of the probe. From our derivation of the open system dynamics, the special form of Eq.(49) results from the non-local nature of the topological qubits and the peculiar algebra of the Majorana modes. The non-local nature also yields the consideration of the non-uniform environments which cannot be realized for the usual local qubits.
Despite our results shed new light on the decoherence patterns of the topological qubits in the Ohmic-like environments, we still have not explored all the possible situations. For example, we have not considered the interaction Hamiltonian with non-commuting terms. Also, one may consider some more general environments other the Ohmic-like cases, such as the one from the holographic gravity duals in the context of AdS/CFT correspondence as proposed in [34] and studied in [38] . It is also interesting to understand the effect of non-uniform environments in a more systematic ways. Finally, to reformulate our derivation of open system dynamics of Majorana modes in the way of Feynman-Vernon will definitely shed new light in understanding our results here in the context of fluctuation and dissipation of the Langevin dynamics. The Schwinger-Keldysh Green functions are the realtime two-point function on the Keldysh contour. They are defined as follows:
and their relations to the retarded Green function G R and the symmetric Green function G sym :
Moreover, for the thermal environment these two Green functions are related by the Kubo-Martin-Schwinger (KMS) condition [28] :
where the plus sign is for the bosonic channel with n(ω) =
, and the minus sign is for the fermionic channel with n(ω) = In this appendix, we compare the explicit expansion in (21) and the one by Gaussian approximation (23) , and show that, up to some overall factor in each order, both behave qualitatively the same, i.e., both are just functionals of t dτ t dτ G M,sym (τ −τ ) only. Similar structures are also shown for (24) . To start, let us expand
as defined in (A1). In the above, the Wick-contraction for higher point points and the symmetrization of xy and yx are assumed. On the other hand, if we expand the result based on Gaussian approximation in (23) in the contour basis, it yields
Comparing (B1) and (B2), we can see that these two expansions differ by a factor of (2n − 1)!! for nth order terms, i.e., in some sense the exact correlator and its Gaussian approximation are Borel-like-sum related in the expansion of (x − y) 2 and (x + y) 2 . Note that if we do the Gaussian approximation in the other way, e.g., , it will not be Borel-like-sum related to Eq.(B1) though the first order terms are the same, and will yield incorrect long time behaviors [48] .
We should emphasize that this kind of Gaussian approximation is usually adopted in the Feynman-Vernon's way of deriving the quadratic form of influence functional, e.g. see [29, 32] . The difference here is that we have first eliminated the probe field γ's by using γ 2 = 1. Otherwise, the algebraic structures for ours and the Feynman-Vernon one are the same.
The above demonstration shows that, after transforming back to the "ra" basis, both expressions are order by order just functionals of
and (x − y) 2 ≡ 0 by the second equality of Eq.(A3). This indicates that the critical behaviour occurred at Q = 1 is qualitatively true to all orders as the criticality is just encoded in t dτ t dτ G M,sym (τ − τ ). Thus, the Gaussian approximation used in this work still ensures the qualitative difference between the sub-and super-Ohmic environments when considering the decoherence patterns of the topological qubits. On the other hand, the quantitative difference is the same as the usual case of Gaussian approximation in the Feynman-Vernon approach, and can be seen as the appropriate mean field approximation. 
Here we have used Euler's reflection formula Γ(κ) 2 Γ(1 − κ) 2 sin 2 πκ = π 2 from second to third line and defined c 1 (κ) as:
Bosonic Green function
In bosonic case, we consider the Green function of a scalar field in AdS 5 space in long wavelength (| k| ∼ 0) limit such that its Green function effectively reduces to zero dimension [34, 36] . We denote the dual operator of the scalar by O s , then its holographic retarded Green function is Note that for bosonic channel, G sym (ω) = G sym (ω).
Appendix D: Purity for single qubit system
In this section, we record the explicit form of purity for single qubit system. The explicit form of the reduced density matrix for fermionic and bosonic environments are given in Eq. (43) and Eq. (44) respectively. It is then straightforward to calculate the purity P(t) ≡ Tr ρ(t)
2 . The explicit forms are given below:
For bosonic environment, the purity takes the form 
and P f (t) = 1 N f (t) 2 (2(a 01 (C 1 C 2 − S 1 S 2 ) + a 10 (C 1 S 2 − C 2 S 1 ))(a 10 (C 1 C 2 − S 1 S 2 ) + a 01 (C 1 S 2 − C 2 S 1 ))) + 1 N f (t) 2 (a 11 (C 2 S 1 + C 1 S 2 ) − a 00 (C 1 C 2 + S 1 S 2 )) 2 + (a 00 (C 2 S 1 + C 1 S 2 ) − a 11 (C 1 C 2 + S 1 S 2 )) 2 (D2) for fermionic environment. Here [49] Another way to see this is through the counting of Majorana fermions involved in the coupling terms. For odd number of Majorana fermions (generic fermionic environments) the even and odd fermion initial states could mix through this interaction, leading to thermailzed states as expected. While for even number of Majorana fermions (bosonic environments) the even/odd fermion states could only mix with even/odd states. Thus the bosonic environments bring in this additional symmetry which prevents the thermalization in the sub-Ohmic environments. Parity-preserving coupling, which is the same as Majorana fermion number counting for single qubit but different for two qubits case, imposes even stronger constraint such that the even/odd state do not mix with another even/odd states, maintaining the diagonal components intact at long time limit. For super-Ohmic environments both fermionic and bosonic environments do not decohere and thus do not reach pointer states.
